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Abstract
We focus on the long term dynamics of “killing the winner” Lotka-
Volterra models of marine communities consisting of bacteria, virus,
and zooplankton. Under suitable conditions, it is shown that there
is a unique equilibrium with all populations present which is stable,
the system is permanent, and the limiting behavior of its solutions is
strongly constrained.
keywords: Virus, bacteria, zooplankton, kill the winner, infection
network, Lotka-Volterra system, permanence.
1 Introduction
It is now known that the microbial and viral communities in marine
environments are remarkably diverse but are supported by relatively
few nutrients in very limited concentrations [12, 18]. What can explain
the observed diversity? What prevents the most competitive bacterial
strains from achieving large densities at the expense of less competitive
strains? Thingstad [14, 15, 16, 17] has suggested that virus impose
top down control of bacterial densities. Together with various coau-
thors, he has described an idealized food web consisting of bacteria,
virus and zooplankton to illustrate mechanisms of population control,
referred to as “killing the winner” since any proliferation of a “win-
ning” bacterial strain results in increased predation by some virus.
The kill the winner (KtW) mathematical model of this scenario, in
the form of a system of Lotka-Volterra equations for bacterial, virus,
and zooplankton densities is, as noted by Weitz [18], based on the
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assumptions that (1) all microbes compete for a common resource,
(2) all microbes, except for one population, are susceptible to virus
infection, (3) all microbes are subjected to zooplankton grazing, (4)
viruses infect only a single type of bacteria.
Various forms of the KtW model have appeared in the work of
Thingstad et al. [14, 15, 16, 17] and recently in the monograph of
Weitz [18]. As the nutrient level can be assumed to be in quasi-steady
state with consumer densities, the models typically involve only the
n bacteria types, n − 1 virus types, and a single zooplankton. While
the literature contains many numerical simulations of KtW solutions,
very little is know about the long term behavior of these solutions.
It is the aim of this paper to initiate a mathematical analysis of this
important model system. We will show that the equilibrium with all
populations present is unique and stable to small perturbations, that
the system is permanent in the sense that all population densities are
ultimately bounded away from extinction by an initial condition in-
dependent positive quantity, and that the long-term average of each
population’s density is precisely equal to its corresponding positive
equilibrium value. In addition, we are able to provide some qualita-
tive information about the long term dynamics. It is shown that the
zooplankton density and the density of the bacterial strain resistant
to virus infection converge to their equilibrium value. Furthermore, if
a solution does not converge to the positive equilibrium, then its long-
term dynamics can be described by an uncoupled system consisting of
n−1 conservative two-species systems involving each virus-susceptible
bacteria and its associated virus. This implies that non-convergent so-
lutions are, at worst, quasi-periodic.
Thingstad notes in [15] that a weakness of the killing the winner
hypothesis is the assumption (4) that each virus infects only a single
type of bacteria. Indeed, recent data [1, 2, 18] suggests that some virus
have large host range. We will also show that most of our conclusions
stated above hold without the restriction (4). For example, they hold
for a nested infection network.
The results described above allow one to determine a plausible
route by which a KtW community (satisfying (1)−(4)) consisting of n
bacterial strains, n−1 virus strains, and a single non-specific zooplank-
ton grazer might be assembled starting with a community consisting
of a single bacteria and its associated virus and subsequently adding
one new population at a time until the final community is achieved.
By a plausible route, we require that each intermediate community be
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permanent [5], also called uniformly persistent [11, 13, 10], since a sig-
nificant time period may be required to make the transition from one
community to the next in the succession and therefore each community
must be resistant to extinctions of its members. In [6, 7], considering
only bacteria and virus communities, we established a plausible route
to the assembly of a community consisting of n bacterial strains and
either n or n− 1 virus strains in which the infection network is one to
one under suitable conditions. See also [3] although they did not infer
permanence. Therefore, since we merely need to add zooplankton to
community consisting of n bacteria and n−1 virus, the main result of
this paper ensures that there is a plausible assembly path to the KtW
community.
In the next section, we formulate our KtW model and state our
main results. Technical details are include in a final section.
2 The KtW model
Our KtW model, consisting of n ≥ 2 bacterial types, n−1 virus types
and one zooplankton, is patterned after equations (7.28) in [18] with
slight changes. Densities of bacteria strains are denoted by Bi, virus
strains by Vi, and zooplankton by Y . The difference in our model and
(7.28) is in the way that inter and intra-specific competition among
bacteria is modeled. We assume that the density dependent reduction
in growth rate due to competition is identical for all bacterial strains
as in [6, 8, 7]. Virus strain Vi infects bacterial strain Bi for i 6= n but
Bn is resistent to virus infection. Zooplankton graze on bacteria at a
strain independent rate. Virus adsorption rate is φi and burst size is
βi; w represents a common loss rate. The equations follow.
B′i = Bi(ri − w − aB)−BiφiVi − αBiY,
V ′i = Vi(βiφiBi − ki − w), 1 ≤ i ≤ n− 1
B′n = Bn(rn − w − aB)− αBnY (1)
Y ′ = Y (αρB − w −m),
where B =
∑
j Bj is the sum of all bacterial densities.
It is convenient to scale variables as:
Pi = φiVi, Hi = aBi, Z = αY,
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and parameters as
ni = βiφi/a, λ = αρ/a, ei =
ki + w
ni
, q =
w +m
λ
.
This results in the following scaled system where H =
∑
j Hj :
H ′i = Hi(ri − w −H)−HiPi −HiZ,
P ′i = niPi(Hi − ei), 1 ≤ i ≤ n− 1
H ′n = Hn(rn − w −H)−HnZ (2)
Z ′ = λZ(H − q).
Only positive solutions of (2) with Hi(0) > 0, Pj(0) > 0, Z(0) > 0
for all i, j are of interest. It is then evident that Hi(t) > 0, Pj(t) >
0, Z(t) > 0 for all t and i, j.
There is a unique positive equilibrium E∗ if and only if the virus-
resistent microbe Hn has the lowest growth rate among the bacteria
w < rn < rj , 1 ≤ j ≤ n− 1, (3)
and if
n−1∑
i=1
ei < q < rn − w. (4)
Then E∗ is given by
H∗j = ej , P
∗
j = rj − rn, j 6= n, H∗n = q −
n−1∑
i=1
ei, Z
∗ = rn − w − q.
Evidently, (4) requires that each virus strain controls the population
density of its targeted bacterial strain such that the zooplankton can-
not be maintained without the presence of the resistent strain, which
cannot grow too slowly.
Our main result follows. We assume that (3) and (4) hold.
Theorem 1. E∗ is a stable equilibrium and the system is permanent
in the sense that there exists  > 0 such that every positive solution
satisfies:
Hi(t) > , Pj(t) > , Z(t) > , t > T (5)
for all i, j where T > 0, but not , depends on initial conditions.
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The long term time average of each population is its equilibrium
value:
lim
t→∞
1
t
∫ t
0
X(s)ds = X∗, X = Hi, Pj , Z, (6)
and Hn(t) and Z(t) converge to their equilibrium values H
∗
n and Z
∗.
Moreover, a positive solution either converges to E∗ or its omega
limit set consists of non-constant positive entire trajectories satisfy-
ing
∑n
i=1Hi(t) =
∑n
i=1H
∗
i , Hn(t) = H
∗
i , Z(t) = Z
∗, and where
(Hi(t), Pi(t)) is a positive solution of the classical Volterra system
H ′i = Hi(P
∗
i − Pi) (7)
P ′i = niPi(Hi −H∗i ), 1 ≤ i ≤ n− 1.
As advertised in the introduction, Theorem 1 says that the KtW
equilibrium is unique and stable to perturbations. More importantly,
the system is permanent in the sense that all population densities are
ultimately bounded away from extinction by an initial condition inde-
pendent positive quantity. The zooplankton density and the density of
the bacterial strain resistant to virus infection converge to their equi-
librium values and if a solution does not converge to the positive equi-
librium, then its long-term dynamics is described by the system con-
sisting of n−1 conservative two-species systems (7). The latter would
imply that Hi, Pi are periodic with period depending on parameters
and its amplitude. However, the restriction
∑n
i=1Hi(t) =
∑n
i=1H
∗
i
requires a very special resonance among the periods, suggesting that
this alternative is unlikely.
Of course, our KtW model (1) is very special. Our aim was not to
offer a general KtW model. Rather, it was to say as much as we could
about the long term dynamics of a KtW model and for that, we made
simplifying assumptions. Most of these assumptions are also made
in the system (7.28) in [18] and in similar models in the literature
[1, 2]. It should be noted that our main result, that the KtW model is
permanent, continues to hold for sufficiently small changes in system
parameters [11].
Finally, we note that the main results of our earlier work [8], in
which we were concerned only with bacteria-virus infection networks,
can be applied to obtain results similar to Theorem 1 for KtW models
with more general infection networks than the one to one network. For
example, our scaled model for the nested infection network consisting
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of n bacteria strains and n virus strains in [8] is the following:
H ′i = Hi
ri − n∑
j=1
Hj −
∑
j≥i
Pj
 (8)
P ′i = einiPi
∑
j≤i
Hj − 1
ei
 , 1 ≤ i ≤ n.
To compare with (2), set Z = Pn and regard it as a zooplankton grazer.
Also, we must view the ri as ri − w, ni = ki + w, and ei = βiφi/ni,
viewed as the efficiency of virus infection of bacteria, is comparable to
the reciprocal of its value in (2). The existence of a positive equilib-
rium for (8) requires life history trade-offs of bacteria and virus strains.
Bacteria that are more susceptible to virus infection must grow faster
r1 > r2 > · · · > rn > Qn, (9)
and the efficiency of virus infection should decline as its host range
increases:
e1 > e2 > e3 > · · · > en. (10)
Here, Qn =
1
e1
+
(
1
e2
− 1e1
)
+
(
1
e3
− 1e2
)
+ · · · +
(
1
en
− 1en−1
)
. If (9)
and (10) hold, there is a unique positive equilibrium E∗ and all pos-
itive solutions converge to it [8]. By simply renaming Z = Pn and
regarding it is a zooplankton, we obtain an even stronger result than
Theorem 1 for the KtW model with nested infection network pro-
vided these tradeoffs hold. Quite arbitrary infection networks among
bacteria and phage might be treated using the approach in [9].
Figure 1: Interactions between the n-1 virus, n host, and the zooplankton.
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Figure 2: Last 1000 time units of a 1 million run on a population
of 3 bacteria, 2 virus, and one zooplankton using ode45. Parame-
ters specified in the figure are chosen to satisfy conditions (3), and
(4), and are not intended to be biologically realistic. Solutions
are highly oscillatory, and seem to be periodic.
3 Proof of Main Result
Proposition 2. Solutions of (2) with nonnegative (positive) initial
data are well-defined for all t ≥ 0 and remain nonnegative (positive).
In addition, the system has a compact global attractor. Indeed, if
F (t) =
n∑
i=1
Hi(t) +
n−1∑
i=1
Pi(t)
ni
+ Zλ then
F (t) ≤ Q
W
+ (F (0)− Q
W
)e−Wt ≤ max{F (0), Q
W
},
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and
lim sup
t→∞
F (t) ≤
n∑
i=1
(1 +
ri
W
)ri,
where K =
n
max
i=1
{Hi(0), ri}, W =
n
min
i=1
{ei, w, q} and Q =
n∑
i=1
(W+ri)K.
Proof. Existence and positivity of solutions follow from the form of
the right hand side. Therefore, H ′i(t) ≤ Hi(t)(ri − Hi(t)). Hence
Hi(t) ≤ K and lim supt→∞Hi(t) ≤ ri.
dF
dt
=
n∑
i=1
(ri − w)Hi − (
n∑
i=1
Hi)(
n∑
j=1
Hj)−
n∑
i=1
Piei − Zq
≤
n∑
i=1
riHi −W
n∑
i=1
(Hi +
Pi
eini
+ Z)
=
n∑
i=1
(W + ri)Hi −WF.
The estimate on F (t) follows by bounding the first summation by Q
and integrating; the estimate on the limit superior follows from the
estimate of the limit superior of the Hi above and by integration.
Proof. Proof of Theorem 1. Since positive equilibrium E∗ exists,
we can write (2) as
H ′i = Hi
 n∑
j=1
(H∗j −Hj) + P ∗i − Pi + Z∗ − Z
 (11)
H ′n = Hn
 n∑
j=1
(H∗j −Hj) + (Z∗ − Z)

P ′i = niPi(Hi −H∗i ), 1 ≤ i < n
Z ′ = Zλ
n∑
i=1
(Hi −H∗i )
Let U(x, x∗) = x − x∗ − x∗ log x/x∗, x, x∗ > 0, be the familiar
Volterra function and let
V (H,P,Z) =
n∑
i=1
ciU(Hi, H
∗
i ) +
m∑
j=1
djU(Pj , P
∗
j ) + gU(Z,Z
∗) (12)
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where c1, · · · , cn and d1, · · · , dm and g are to be determined.
Then the derivative of V along solutions of (11), V˙ , is given by
V˙ = −
(
n∑
i
ci(Hi −H∗i )
) n∑
j
(Hj −H∗j )

−
n−1∑
i
ci(Hi −H∗i )(Pi − P ∗i )
−
n∑
i
ci(Hi −H∗i )(Z − Z∗) +
n−1∑
i
dini(Pi − P ∗i )(Hi −H∗i )
+
n∑
i
gλ(Z − Z∗)(Hi −H∗i )
If ci = 1, g =
1
λ , and di =
1
ni
then the last four summations cancel
out and we have
V˙ = −
(∑
i
Hi −
∑
i
H∗i
)2
(13)
As V˙ ≤ 0, E∗ is locally stable [4] and for each positive solution there
exists p, P > 0 such that p ≤ x(t) ≤ P, t ≥ 0, where x = Hi, Pj , Z.
Then (6) follows immediately from Theorem 5.2.3 in [5].
Consider a positive solution of (11). By LaSalle’s invariance princi-
ple [4, 5], every point in its omega limit set L must satisfy
∑
iHi(t) =∑
iH
∗
i since L ⊂ {(H,V ) : V˙ = 0}. Since V (x) ≤ V (H(0), P (0)) for
all x ∈ L, L is a compact subset of the interior of the positive orthant.
We now consider a trajectory belonging to L; until further notice,
all considerations involve this solution. Since
∑
iHi(t) =
∑
iH
∗
i , the
solution satisfies
H ′i = Hi (P
∗
i − Pi + Z∗ − Z) (14)
P ′i = niPi(Hi −H∗i ), 1 ≤ i ≤ n− 1
H ′n = Hn (Z
∗ − Z)
Z ′ = 0
We see that Z ′ ≡ 0, therefore Z(t) is a constant. Then, H ′n =
Hn(Z
∗−Z) so Hn(t) either converges to zero, blows up to infinity, or
is identically constant, depending on the value of Z. The only alter-
native consistent with L being invariant, bounded, and bounded away
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from the boundary of the orthant is that Hn(t) is constant and that
Z = Z∗. By (6), it follows that Hn = H∗n. Therefore (14) becomes:
H ′i = Hi (P
∗
i − Pi) (15)
P ′i = niPi(Hi −H∗i ), 1 ≤ i ≤ n− 1
Hn = H
∗
n
Z = Z∗
This establishes the assertions regarding (7). Note that as (15) holds
on the limit set L of our positive solution, it follows that Hn(t) →
H∗n, Z(t)→ Z∗ for our positive solution.
Finally, we prove (5). It follows from (6) that lim supt→∞ x(t) =
x∗, for each component x = Hi, Pj , Z of an arbitrary positive solution
of (11). This means that (11) is uniformly weakly persistent. Propo-
sition 2 implies that the key hypotheses of Theorem 4.5 from [13, 10]
are satisfied, and therefore weak uniform persistence implies strong
uniform persistence. This is precisely (5).
Parameter value
r1 17.089453152634810
r2 15.009830525061846
r3 13.077955412892173
n1 0.299362132425990
n2 0.011514418415303
e1 0.081255501212170
e2 4.340892914457329
q 10.465564663600418
λ 4.474468552537804
w 1.194565710732100
Figure 3: Parameter values used in Figure 2
References
[1] C. Flores, S. Valverde, J. Weitz, Multi-scale structure and ge-
ographic drivers of cross-infection within marine bacteria and
phages, ISME Journal 7 (2013), 520-532.
[2] L.F. Jover, M. H. Cortez, J. S. Weitz, Mechanisms of multi-strain
coexistence in host-phage systems with nested infection networks,
Journal of Theoretical Biology 332 (2013) 65–77
10
[3] J. Haerter, N. Mitarai, K. Sneppen, Phage and Bacteria support
mutual diversity in a narrowing staircase of coexistence, The
ISME J. 8 (2014) 2317–2326.
[4] J. Hale, Ordinary Differential Equations, Robert E. Krieger
Publishing Co. , Malabar, Fl, 1980.
[5] J. Hofbauer and K. Sigmund, Evolutionary Games, Cambridge
Univ. Press, 1998.
[6] D. Korytowski and H.L. Smith, How Nested and Monogamous
Infection Networks in Host-Phage Communities Come to be, The-
oretical Ecology, 8 (2015), 111–120.
[7] D. Korytowski and H.L. Smith, Persistence in Phage-Bacteria
Communities with Nested and One-to-One Infection Networks,
arXiv:1505.03827 [q-bio.PE].
[8] D. Korytowski and H.L. Smith, Persistence in Phage-Bacteria
Communities with Nested and One-to-One Infection Networks,
Discrete and Continuous Dynamical System B-2286, in press.
[9] D. Korytowski and H.L. Smith, A Special Class of Lotka-Volterra
Models of Bacteria-Virus Infection Networks, Applied Analysis
with Applications in Biological and Physical Sciences Springer,
2016.
[10] H. Smith and H. Thieme, Dynamical Systems and Population
Persistence, GSM 118, Amer. Math. Soc. , Providence R.I., 2011.
[11] H.L. Smith and X.-Q. Zhao, Robust persistence for semidynam-
ical systems, Nonlinear Analysis, 47 (2001), 6169-6179.
[12] C. Suttle, Marine viruses-major players in the global ecosystem
Nat. Rev. Microbiol. 5 (2007), 801-812.
[13] H. R. Thieme, Persistence under relaxed point-dissipativity (with
applications to an endemic model), SIAM J. Math. Anal. 24
(1993), 407–435.
[14] T. F. Thingstad, Theoretical models for the control of bacterial
growth rate, abundance, diversity and carbon demand Aquatic
Microbial Ecology, 8 July 1997, 19–27.
[15] Elements of a theory for the mechanisms controlling abundance,
diversity, and biogeochemical role of lytic bacterial viruses in
aquatic systems , Limnol. Oceanogr. 45 (2000), 1320–1328.
11
[16] Trade-Offs between Competition and Defense Specialists among
Unicellular Planktonic Organisms: the Killing the Winner Hy-
pothesis Revisited Microbiology and Molecular biology reviews,
8 March 2010, 42–57.
[17] A theoretical analysis of how strain-specific viruses can control
microbial species diversity Proceedings of the National Academy
of Sciences of the United States of America, 8 May 27, 2014,
7813-7818
[18] J. Weitz Quantitative Viral Ecology: Dynamics of Viruses and
Their Microbial Hosts, Princeton University Press, 2015
12
